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 On the Size of a Triple Blocking Set in  PG (2 ,  q )
 S IMEON B ALL
 Lower bounds are obtained for the size of a triple blocking set in the Desarguesian projective
 plane  PG (2 ,  q ) .  These bounds are best possible for  q  ,  11 and in the case  q  .  121 is an odd
 square .
 Ö  1996 Academic Press Limited
 1 .  I NTRODUCTION
 A  t - fold blocking set  in a projective plane  P  is a set  S  of points with the property
 that each line contains at least  t  points of  S .  A 1-fold blocking set is known as a
 blocking set and is defined with the extra condition that it should contain no line . If
 t  5  2  or 3 , such sets are known as double or triple blocking sets respectively . Multiple
 blocking sets are simply complements of ( k ,  n )-arcs in projective planes with
 n  1  t  5  q  1  1 .  There is a direct link between ( k ,  n )-arcs and optimal linear codes and
 hence a link between multiple blocking sets and optimal linear codes . Indeed , there
 exists a projective [ s ,  3 ,  d ] code over  GF  ( q ) if f there exists a ( s ,  s  2  d )-arc in  PG (2 ,  q )
 if f there exists a  q 2  1  q  1  1  2  s  point ( q  1  1  2  s  1  d )-fold blocking set in  PG (2 ,  q ) .
 Blocking sets have been well studied previously and a survey of results can be found
 in [3] . Double blocking sets have not been studied as much but lower bounds on their
 existence , some of which are sharp , appear in [1] .
 This paper however , is concerned with the case  t  5  3 .  Some properties of triple
 blocking sets of type (3 ,  n ) were derived by de Resmini [8] . Hill and Mason [5]
 provided examples of triple blocking sets of size 4 q  2  1 for  q  even and 4 q  for  q  odd . In
 the case in which  q  is square , then the union of three disjoint Baer subplanes forms a
 triple blocking set in  PG (2 ,  q ) of size 3 q  1  3 4 q  1  3 which is smaller for  q  .  16 . It will
 be shown that for  q  .  121 ,  an odd square , triple blocking sets in  PG (2 ,  q ) must have at
 least 3 q  1  3 4 q  1  3 points . If  q  is not a square then an even better bound is obtained in
 most cases but this is unlikely to be sharp . as in [1 ,  2] the theory of lacunary
 polynomials is used to obtain these results .
 2 .  L ACUNARY P OLYNOMIALS
 A polynomial in  GF  ( q )[ x ] is called  fully reducible  if it factors completely into linear
 factors over  GF  ( q ) .  If , in the sequence of coef ficients of a polynomial , a long run of
 zeros occurs , we call this polynomial  lacunary .  In [7] , Re ´  dei studied properties of
 lacunary polynomials that are fully reducible . The following theorem , copied together
 with its proof from [3] , is really just a slight generalization of Theorem 24 9 in [7] . In the
 following  q  5  p h , where  p  is prime .
 T HEOREM 2 . 1 .  Let f  P  GF  ( q )[ x ]  be fully reducible , and suppose that f  ( x )  5
 x q y  ( x )  1  w ( x ) , where  y   and w ha y  e no common factor . Let m  ,  q be the maximum of
 the degrees of  y   and w . Let e be maximal such that f  ( and hence  y   and w )  is a p e th
 power . Then one of the following holds :
 (1)  e  5  h and m  5  0 ;
 (2)  e  >  h  / 2  and m  >  p e  ;
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 (3)  e  ,  h  / 2  and m  >  p e  (  p h 2 e  1  1) / (  p e  1  1)  ;
 (4)  e  5  0 , m  5  1  and f  ( x )  5  a ( x q  2  x ) .
 Note that , in particular , when  q  is prime and  m  .  1 ,  then  m  >  ( q  1  1) / 2 .
 P ROOF .  Assume that  e  ,  h  / 2 ,  for the first two possibilties are easily checked . Write
 E  5  p e .  Let  f  ( x )  5  f 1 ( x )
 E  and define  y  1 and  w 1 similarly . Then , extracting  E th roots , we
 obtain
 f 1  5  x
 q / E y  1  1  w 1  .
 Now write  f 1 ( x )  5  s ( x ) r ( x ) ,  where  s ( x ) contains all dif ferent linear factors of  f 1 exactly
 once , and  r ( x ) contains the rest . Since  s  3  x q  2  x  and  s  3  f  5  x q y  1  w ,  these imply that
 s  3  x y  1  w .
 Since  r  3  f  9 1 and  r  3  f 1 , these imply that  r  3  f  9 1 y  1  2  y  9 1  f 1 or
 r  3  w 9 1 y  1  2  y  9 1 w 1  .
 Note that ( y  ,  w )  5  1 and  y  1 and  w 1 are not both  p th powers , so the right-hand side does
 not vanish . Combining these two divisibility relations , we obtain
 f 1 ( 5 rs )  3  ( x y  1  w )( w 9 1 y  1  2  y  9 1 w 1 ) .
 Now if  x y  1  w  5  0 then  m  5  1 ,  since ( y  ,  w )  5  1 , and  f  has the desired form . Otherwise ,
 the degree of the left-hand side is at most equal to that of the right-hand side . First
 consider the case in which deg  y  5  m  5  Em 1 . In this case ,
 q  / E  1  m 1  <  1  1  Em 1  1  2 m 1  2  2 .
 Hence
 m 1  >
 q  / E  1  1
 E  1  1
 .
 The other case (deg  y  ,  deg  w  5  m ) is similar and gives the same conclusion .  h
 Now consider in a little more detail the case in which  q  5  p 2 d  and  e  5  d  5  h  / 2 .  Note
 that in this case either  m 1  5  1 , m 1  5  2 or  m  >  3 4 q . For the first case , in which  m 1  5  1 ,
 f 1  is a polynomial of the same type as in the following theorem . This theorem also
 appears in [1] .
 T HEOREM 2 . 2 .  Let f  ( x )  P  GF  ( q )[ x ] , q a square , be of the form x 4  q ( x  1  b )  1  ( cx  1
 d ) , with d  ?  bc . Then f is fully reducible if f c  5  b 4  q and d  P  GF  ( 4 q ) .
 P ROOF .  Assume first that  f  is fully reducible . Now we show that  f  has no multiple
 factors . Indeed ,  f  9 ( x )  5  x  4 q  1  c ,  so that  f  ( x )  2  ( x  1  b ) f  9 ( x )  5  d  2  bc  ?  0 .  It follows that
 f  3  f  4  q  mod( x q  2  x )  5  x ( x 4  q  1  b 4  q )  1  c  4  q x 4  q  1  d 4  q .
 Since the degrees of the left-hand side and the right-hand side are equal , the statement
 follows .
 To see the converse , let  N  be the norm function from  GF  ( q ) to  GF  ( 4 q ) . N  is a
 4 q  1  1  5  1  function from  GF  ( q )* to  GF  ( 4 q )* . Since  x  is a zero of  f  precisely when
 N ( x  1  b )  5  N ( b )  2  d  ?  0 ,  the inverse implication follows .  h
 Next consider the case in which  m 1  5  2 . If  f 1 has no multiple factors , then the
 following theorem gives a useful form that the polynomial must take .
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 T HEOREM 2 . 3 .  Let f  ( x )  P  GF  ( q )[ x ]  be of the form x 4  q ( x  2  1  bx  1  c )  1  dx 2  1  ex  1  a .
 If f is a fully reducible polynomial with no multiple factors , then one of the following
 holds :
 (1)  f  ( x )  5  ( x  2  1  bx  1  c )( x  4  q  1  d ) ;
 (2)  f  ( x )  5  ( x  1  b )( x  4  q 1 1  1  e ) ;
 (3)  f  ( x )  5  ( x  1  cd 2 4  q )[ N ( x  1  d 4  q )  1  d 4  q ( ac 2 1  2  d )] .
 Note that in all cases this implies that if  f  ( x )  5  x  4 q y  ( x )  1  w ( x ) ,  where  f  ( x ) has no
 multiple factors and is fully reducible ,  y  ( x ) is of degree 2 and  w ( x ) is of degree at most
 2 , then  y  ( x ) and  w ( x ) have a common factor . In the latter case , ( x  1  cd  2 4  q ) is a factor
 of  y  ( x ) since  b  5  d 4  q  1  cd  2 4 q  and hence is also a factor of  w ( x ) .
 P ROOF .  Since  f  is fully reducible and contains no multiple factors , it follows that
 f  3  f  4  q  mod( x q  2  x )  5  x ( x 2 4  q  1  b 4  q x 4  q  1  c  4  q )  1  d 4  q x 2 4  q  1  e  4  q x 4  q  1  a  4  q .
 By long division , form a polynomial  θ  ( x ) ,  where  f θ  5  f  4  q  mod( x q  2  x ) .  Then
 θ  ( x )  5  x 4  q 2 1  1  ( d 4  q  2  b ) x 4  q 2 2  2  ( b ( d 4  q  2  b )  1  c ) x 4  q 2 3
 1  ( b 2 ( d 4  q  2  b )  1  bc  2  c ( d 4  q  2  b )) x 4  q 2 4  1  ?  ?  ?  1  a  4  q 2 1
 and by equating coef ficients of terms of order  x 4 q 2 1 and  x  4  q 2 2 the following two
 equations are obtained :
 a  1  e ( d 4  q  2  b )  2  db ( d 4  q  2  b )  2  dc  5  0 ,  (1)
 ( d 4  q  2  b )( a  1  eb  1  db 2  2  dc )  2  ec  1  dbc  5  0 .  (2)
 It can be deduced from these that  c  5  0 if f  d  5  0 and this implies that  f  ( x )  5
 ( x  1  b )( x 4  q 1 1  1  e ) .
 So assume that  cd  is non-zero . By substituting ( d 4  q  2  b )( e  2  bd )  5  dc  2  a  from (1)
 into (2) , deduce that  e  5  c  2 1 ( ba  1  ( d 4  q  2  b )( a  2  dc )) .
 Substituting for  e  back into (1) implies that either  a  5  dc  or  b  5  d 4  q  1  cd 2 4  q .  If
 a  5  dc ,  then (2) implies that  e  5  bd  and hence that  f  ( x )  5  ( x  2  1  bx  1  c )( x  4  q  1  d ) .  The
 latter case implies that  e  5  ad 4  q c 2 1  1  dcd 2 4  q  and it can then be deduced that  f  ( x ) is of
 the form  f  ( x )  5  ( x  1  cd 2 4  q )[ N ( x  1  d 4  q )  1  d 4  q ( ac 2 1  2  d )] .  h
 3 .  T RIPLE B LOCKING S ETS
 The following lemmas will also be needed in the case in which  q  is a square .
 L EMMA 3 . 1 ( q  .  9  a square ) .  Let B be a triple blocking set in PG (2 ,  q )  such that
 through each of its points there are  4 q  1  1  lines , containing at least  4 q  1  3  points of B
 and forming a dual Baer subline . Then B has at least  3 q  1  2 4 q  1  3  points .
 P ROOF .  Call the lines meeting  B  in  4 q  1  3 or more points  long lines .  If two long
 lines meet outside of  B ,  then  B  has at least 2( 4 q  1  3)  1  3( q  2  1)  5  3 q  1  2 4 q  1  3 points
 and the desired bound is obtained . So assume that two long lines meet in  B .
 Take  l ,  a long line , and  P , a point of  B  not on  l .  Then the long lines through  P
 contain a dual Baer subline and meet  l  in a Baer subline . Let  Q  be a point on this Baer
 subline . Consider long lines through a point on a 3-secant to  Q .  These meet  l  in
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 another Baer subline not containing  Q .  Two Baer sublines meet in at most two points
 and so  l  has at least 2 4 q  points . Since  l  was arbitrary , every long line has at least 2 4 q
 points and it follows that  B  has at least 1  1  ( 4 q  1  1)(2 4 q  2  1)  1  2( q  2  4 q )  5  4 q  2  4 q
 points .  h
 L EMMA 3 . 2 ( 4 q  .  12 , q a square ) .  Let B , a triple blocking set in PG (2 ,  q ) , ha y  e
 through e y  ery point at least  4 q  1  1  lines , containing at least  4 q  1  3  points of B and
 forming a dual Baer subline . Then B has at least  3 q  1  3 4 q  1  3  points .
 P ROOF .  Assume that  B  has fewer than 3 q  1  3 4 q  1  3 points . Call the lines meeting
 B  in  4 q  1  3 or more points  long lines .  Take nine points of  B , all lying on a long line  l .
 There are at least 9 4 q ( 4 q  1  2) points of  B  \ l  lying on the long lines through these nine
 points , counting with multiplicity . Since  B  \ l  has fewer than 3 q  1  2 4 q  points , there exist
 more than 9 4 q ( 4 q  1  2)  2  3(3 q  1  2 4 q )  5  12 4 q  points on four or more of the long lines
 through these nine points , counting with multiplicity .
 Let  P i  be a point of  B  \ l  joined to at least four of these nine points of  l  by long lines .
 Let  S i  be the points of  l  at which the long lines through  P i  meet  l .  The set  S i  has at most
 4 q  1  2 points ; otherwise  P i  lies on at least  4 q  1  3 long lines and  B  has at least
 ( 4 q  1  3)( 4 q  1  2)  1  2( q  2  4 q  2  2)  1  1  5  3 q  1  3 4 q  1  3 points . Also  S i  contains a Baer
 subline  b i  by hypothesis .
 Since there exist 12 4 q points of  B  \ l  (counting with multiplicity) meeting at least
 four of the nine points , there exist 12 4 q  points the corresponding  b i  of which meet at
 least three of the nine points .
 There are 84 dif ferent sets of three points among these nine points and so there are
 points  P 1 and  P 2 corresponding  b 1 and  b 2 of which meet in at least three points . Since
 two Baer sublines meet in at most two points ,  b 1 and  b 2 are the same .
 If three long lines meet in a point outside of  B ,  then  B  has at least
 3( 4 q  1  3)  1  3( q  2  2)  5  3 q  1  3 4 q  1  3  points . So at most two long lines meet in a point
 outside of  B .  This implies that the long lines through  P 1 and  P 2 meet  l  in at most one
 point outside of  B  and that point lies on the long line joining  P 1 and  P 2  .
 Let  S  be the set of points of  l  >  B  at which  b 1  5  b 2 meet  l  >  B  ; then  S  has  4 q  or
 4 q  1  1  points .
 We shall now prove that  l  has at least  4 q  1  5 points . Assume , firstly , that it has less
 than  4 q  1  5 points . Let  T  be the set of points in  B  \ l  that lie on a non-long line meeting
 S .  By considering the points on non-long lines through a point of  S ,  it follows that there
 are at least 2( q  2  4 q  2  1) points in  T .
 Suppose that  l  has exactly  4 q  1  3 points of  B .  The long lines through a point of  T
 can meet at most two points of  S  and so at most five points of  l  >  B .  This follows from
 the fact that two dif ferent Baer sublines meet in at most two points . Let  n  be maximal
 such that  n  points of  T  are collinear . Each point of  B  lies on at least  4 q  1  1 long lines
 and so each point of  T  has at least  4 q  2  4 long lines meeting  l  \ B . There are
 q  1  1  2  ( 4 q  1  3)  points in  l  \ B  and so  n ( 4 q  2  4)  <  q  2  4 q  2  2 , which implies that
 n  <  4 q  1  4 for  4 q  .  9 .
 Now , since every point of  T  has at least  4 q  2  4 long lines meeting  l  outside  B  and at
 most  4 q  1  4 of them are collinear , it follows that
 2( q  2  4 q  2  1)
 ( 4 q  2  4)
 ( 4 q  1  4)
 <  q  2  4 q  2  2  ,  q  2  4 q  2  1 .
 For  4 q  .  12 ,  since  l  was arbitrary , every long line contains at least  4 q  1  4 points of  B .
 Now , if  4 q  1  2 of these long lines meet in a point , then  u B u  >  1  1  ( 4 q  1  2)( 4 q  1  3)  1
 2( q  2  4 q  2  1)  5  3 q  1  3 4 q  1  5 . So assume that every point of  B  lies on exactly  4 q  1  1
 long lines .
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 Let  l  be a line meeting exactly  4 q  1  4 points of  B .  Define  S ,  T  and  n  as before . A
 point of  T  has at most 2  1  3 of its long lines meeting  l  >  B , since two points of  T
 cannot have their long lines agreeing on  l .  (Of course , it is possible for one of the
 points of  T  to have long lines meeting all four points of ( l  >  B ) \ S , but then all the other
 points of  T  have at most 2  1  2 long lines meeting  l  >  B  and future bounds would be
 even better . )
 Therefore  n ( 4 q  2  4)  <  q  2  4 q  2  2 ,  as before , and
 2( q  2  4 q  2  1)
 ( 4 q  2  4)
 ( 4 q  1  4)
 <  q  2  4 q  2  3  ,  q  2  4 q  2  1 .
 For  4 q  .  12 , since  l  was arbitrary , it has now been shown that every long line has at
 least  4 q  1  5 points . By counting the points of  B  on lines through a point of  B ,  it
 follows that  u B u  >  1  1  ( 4 q  1  1)( 4 q  1  4)  1  2( q  2  4 q )  5  3 q  1  3 4 q  1  5 and the result
 follows .  h
 L EMMA 3 . 3 ( 4 q  .  12 , q a square ) .  Let B be a triple blocking set in PG (2 ,  q )  such
 that each of its points is one of the following :
 (1)  the meet of a secant of length  2 4 q  1  3  or more and  4 q secants of length at least
 4 q  1  3 ;
 (2)  the meet of two secants of length  2 4 q  1  3  or more and  4 q  2  2  secants of length at
 least  4 q  1  3 ;
 (3)  the meet of at least  4 q  1  1  lines , that meet B in at least  4 q  1  3  points , and contain a
 dual Baer subline .
 Then B has at least  3 q  1  3 4 q  1  3  points .
 P ROOF .  Call the points of type (3)  special points ,  secants of length 2 4 q  1  3 or more
 y  ery long lines  and secants of length at least  4 q  1  3  long lines .  If every point of  B  is a
 special point , then Lemma 3 . 2 implies that  B  has at least 3 q  1  3 4 q  1  3 points . So
 assume that  b  , the number of very long lines , is non-zero and hence that  B  has at least
 3 q  1  2 4 q  1  3  points . Assume that  B  has less than 3 q  1  3 4 q  1  3 points , which
 immediately implies that very long lines meet long lines and other very long lines in  B .
 Assume that every very long line has exactly 2 4 q  1  3 points . There exists at least
 3 q  1  2 4 q  1  3  2  (2 4 q  1  3) b  1  b  ( b  2  1) / 2  special points . Consider  l  to be a very long
 line and  P  to be a special point . We will show that  l  has at least 2 4 q  1  4 points .
 The long lines through  P  meet  l  >  B  in a set containing a Baer subline . For each  Q
 on this Baer subline , there exists another Baer subline in  l  >  B  not containing  Q .  This
 is since there exists a special point on a 3-secant through  Q .  Indeed , the long lines
 through  Q  contain at most  4 q ( 4 q  1  2  2  b  / 2) special points and this is always less than
 the total number of special points . Therefore  l  >  B  splits into two disjoint Baer sublines
 and a point or  l  has at least 3 4 q  2  3 points . So , by assumption ,  l  <  B  splits into two
 disjoint Baer sublines and a point .
 (Note that if the long lines through  Q  have more than  4 q  1  3 points , then they
 could meet more special points , but this would simply imply that  B  is equally larger ,
 and so the dif ference between the total number of special points and the number of
 special points that the long lines through  Q  can meet remains constant . )
 Take  Q 1 , a point of type (1) , and  Q 2 , a point of type (2) , in separate Baer sublines
 in  l  >  B .  If every point is of type (1) then  b  5  1 and take two points of type (1) . If
 every point is of type (2) , then  b  5  2 4 q  1  4 and take two points of type (2) .
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 The long lines through  Q 1 meet at most  4 q ( 4 q  1  2  2  ( b  2  1) / 2) special points . The
 long lines through  Q 2 meet at most ( 4 q  2  2)( 4 q  1  3  2  b  / 2) special points . This
 implies , by subtraction from the total number of special points , that there are
 1 – 2 ( b  2  4 q  2  9 – 2 ) 2  1  1 – 2 q  2  6 4 q  2  9 – 8  special points joined to  Q 1 and  Q 2 by 3-secants .
 This number is greater than zero for  4 q  .  12 .  By considering the intersection of the
 long lines through one of these special points with  l , it follows that  l  has at least
 3 4 q  2  3  points , since they meet  l  >  B  in a Baer subline not containing  Q 1 or  Q 2 and
 two dif ferent Baer sublines meet in at most two points .
 In the extreme cases  b  5  1 and  b  5  2 4 q  1  4 ,  similar arguments hold and we have
 that there are  q  2  4 4 q  and  q  2  7 4 q  2  7 special points , respectively , joined to  Q 1 and
 Q 2  by 3-secants .
 We have now shown that there exists a very long line with more than 2 4 q  1  3
 points . This implies that there are at least (2 4 q  1  4) 4 q  2  2( b  2  1) long lines . Long lines
 meet in at most  4 q  1  2 in a point ; otherwise  u B u  >  1  1  ( 4 q  1  3)( 4 q  1  2)  1  2( q  2  4 q  2
 2)  5  3 q  1  3 4 q  1  3 .  If a long line has  4 q  1  3 points , it meets at most
 ( 4 q  1  3)( 4 q  1  1)  1  q  2  4 q  2  2  2  2( b  2  1)  5  (2 4 q  1  4) 4 q  2  2( b  2  1)  2  4 q  1  1 long
 lines . So every long line has at least  4 q  1  4 points . Counting the points of  B  on the
 lines through a point of type (1) or (2) implies that  B  has more than 3 q  1  3 4 q  1  3
 points .
 h
 Using the results in the previous section and the above lemmas , we are now able to
 prove the following .
 T HEOREM 3 . 4 .  Let B be a triple blocking set in PG (2 ,  q ) . Then :
 (1)  if  121  ,  q is an odd square , then  u B u  >  3 q  1  3 4 q  1  3 ;
 (2)  if  8  ,  q  5  p 2 d 1 1 , then  u B u  >  3 q  1  p d  (  p d 1 1  1  1) / (  p d  1  1)   1  3 ;
 (3)  if  16  ,  q is an e y  en square or q  5  25 ,  49 ,  81  or  121 , then  u B u  >  3 q  1  2 4 q  1  3 .
 P ROOF .  (Compare with [2] and [1] . ) We construct a polynomial that satisfies the
 conditions of Theorem 2 . 1 , and then consider each of the four cases arising from it .
 Construction of the polynomial .  Let  l , the line  z  5  0 , be a 3-secant to a triple
 blocking set  B .  Assume (1 ,  0 ,  0)  P  B  and that  B  has 3 q  1  m  1  3 points . Let  S  5  B  \ l  and
 note that  S  has 3 q  1  m  points . Assume  m  ,  q  2  3 , since otherwise  u B u  >  4 q .  In
 co-ordinates
 S  5  h ( a i  ,  b i )  3  i  5  1 ,  .  .  .  ,  3 q  1  m j  Õ  AG (2 ,  q )  5  PG (2 ,  q ) \ l .
 Let  d 1 and  d 2 be the directions determined by the points in  B  >  ( l  \ (1 ,  0 ,  0)) .  That is , for
 each  P j  P  B  >  ( l  \ (1 ,  0 ,  0)) ,  let  d j  be the negative reciprocal of the slope of the lines
 meeting in  P j  (  j  5  1 ,  2) .  Then each line  x  1  uy  1  t  5  0 has three solutions in  S  whenever
 u  ?  d 1  or  d 2 and two solutions otherwise . So the function
 F  ( t ,  u )  5  ( u  2  d 1 )( u  2  d 2 )  P 3 q 1 m
 i 5 1
 ( t  1  a i  1  b i u )
 has zeros of degree 3 for all  t  and  u  and therefore lies in the ideal generated by
 ( t q  2  t ) 3 ,  ( t q  2  t ) 2 ( u q  2  u ) ,  ( t q  2  t )( u q  2  u ) 2 and ( u q  2  u ) 3 .
 Therefore , it can be written in the form
 F  ( t ,  u )  5  ( t q  2  t ) 3 G ( t ,  u )  1  ( t q  2  t ) 2 ( u q  2  u ) I ( t ,  u )
 1  ( t q  2  t )( u q  2  u ) 2 J ( t ,  u )  1  ( u q  2  u ) 3 K ( t ,  u ) .
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 The polynomials  G ,  I ,  J  and  K  are of total degree at most  m  1  2 in  t  and  u .  Let  F 0
 denote the part of  F  that is homogeneous of total degree 3 q  1  m  1  2 ,  and define
 G 0  ,  I 0  ,  J 0  and  K 0 similarly .
 Restricting to terms of total degree 3 q  1  m  1  2 only implies that
 F 0  5  t
 3 q G 0  1  t
 2 q u q I 0  1  t
 q u 2 q J 0  1  u
 3 q K 0  ,
 where
 F 0 ( t ,  u )  5  u
 2  P 3 q 1 m
 i 5 1
 ( t  1  ub i ) .
 The variable  u  does not play any further role since the equation is homogeneous . So
 put  u  5  1 and define  f  ( t )  5  F 0 ( t ,  1) ,  and define  g  and  k  similarly . Note that  g  has degree
 only  m  in  t . Since there are at least two points of  S  on every horizontal line ,  f  is
 divisible by ( t q  2  t ) 2 and hence
 f  ( t )  5  ( t q  2  t ) 2 S t q g ( t )  1  h ( t )  1  k ( t )
 t 2
 D .
 The degree of  h ( t ) is at most  m  1  2  ,  q  2  1 .  The divisibility  t q  3  (  f  ( t )  2  k ( t )) implies
 that  t q 2 2  3  h ( t ) and therefore  h ( t )  5  a t q 2 2 .  If  a  is non-zero , then  F  ( t ,  u ) has a term of
 order  t 3 q 2 2 u q  and so  u S u  >  4 q  2  4 and  u B u  >  4 q  2  1 .  Also , if  q  is odd , then  F  ( t ,  u ) has a
 term  t 2 q 2 1 u 2 q  and so  u S u  >  4 q  2  3 and  u B u  >  4 q .
 Therefore , assume that  a  is zero and define  z ( t ) to be the polynomial formed after
 dividing  t q g ( t )  1  k ( t ) / t 2 by the greatest common divisor of  g  and  k  / t 2 ; this possibly
 reduces  m .
 Case  1  of Theorem  2 . 1 .  z ( t ) contains a factor of the form  t q  2  a  5  ( t  2  a ) q .  In
 addition to the ( t  2  a ) 2 present in the ( t q  2  t ) 2 , this gives too many factors  t  2  a  in  f  ( t ) .
 Case  4  of Theorem  2 . 1 .  Since the degree of  g  is not less than the degree of  k  / t 2 , this
 case cannot occur .
 Case  3  of Theorem  2 . 1 .  If  q  is not a square , then  q  5  p 2 d 1 1 , e  <  d ,  and so the bound
 is obtained . If  q  is a square , then  q  5  p 2 d , e  <  d  2  1 ,  and
 m  >  p d 2 1  (  p d 1 1  1  1) / (  p d 2 1  1  1)  .
 This implies that  m  >  3 4 q  unless (  p d 1 1  1  1) / (  p d 2 1  1  1)  <  3 p  2  1 , which can only occur
 if  q  is even or  q  5  9 ,  25 or 81 .
 Case  2  of Theorem  2 . 1 .  If  q  is not a square , that is  q  5  p 2 d 1 1 , then  m  >  p d 1 1 ,  which is
 better than the desired bound . So let  q  be a square  q  5  p 2 d .
 If  e  .  d ,  then  m  >  2 4 q  for  q  even and  m  >  3 4 q  otherwise ; so assume that  e  5  d .  This
 implies  m  5  4 q , m  5  2 4 q  or  m  >  3 4 q . Since  m  >  3 4 q  implies that the desired bound
 is obtained , assume that  m  5  4 q  or  m  5  2 4 q .
 If  m  5  4 q  then Theorem 2 . 2 implies that  z ( t ) is a  4 q th power of a function of the
 form  N ( t  1  b )  2  N ( b )  1  d .  The zeros of this are precisely the points of a Baer subline .
 This means that among the lines through (1 ,  0 ,  0) having more than three points of  B
 there are  4 q  1  1 of them , having at least  4 q  1  3 points , that form a dual Baer subline .
 If  m  5  2 4 q , then the situation after taking  4 q th roots in Theorem 2 . 1 is that in
 Theorem 2 . 3 . This implies that  z ( t ) must have multiple factors , since any common
 factor has been removed from  g  and  k  / t 2 . This implies that (1 ,  0 ,  0) lies on a secant of
 length 2 4 q  1  3 or more . The degree of  s  in Theorem 2 . 1 is  q  / E  1  2  2  m 1  5  4 q , so
 there are this many non-3-secants through (1 ,  0 ,  0) . Therefore (1 ,  0 ,  0) lies on at most
 two secants with at least 2 4 q  1  3 points of  B ,  or we obtain the desired bound .
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 Consider a point lying on a secant of length 3 4 q  1  3 or more and  4 q  2  1 secants of
 length at least  4 q  1  3 .  This implies that there are at least (3 4 q  1  3)( 4 q  2  1)  5  3 q  2  3
 long lines by counting the long lines meeting the secant of length (3 4 q  1  3) or more . If
 there exists a long line with at most  4 q  1  4 points of  B , then it can meet at most
 ( 4 q  1  4)( 4 q  1  2)  1  q  2  4 q  2  3  5  2 q  1  5 4 q  1  5 other long lines . This , however , is too
 few , and so every long line has at least  4 q  1  5 points of  B .  Now , counting the points of
 B  on lines through a point on the secant of length 3 4 q  1  3 or more implies that  B  has
 at least (3 4 q  2  2)  1  ( 4 q  2  1)( 4 q  1  4)  1  1  1  2( q  2  4 q  1  1)  5  3 q  1  4 4 q  1  1 points .
 Hence it can be assumed that there is no secant of length 3 4 q  1  3 or more .
 Since there exist no secants of length 3 4 q  1  3 or more and (1 ,  0 ,  0) was chosen
 arbitrarily , every point of  B  is of type (1) , (2) or (3) of Lemma 3 . 3 . Applying Lemma
 3 . 3 implies that , for  4 q  .  12 , B  has at least 3 q  1  3 4 q  1  3 points . If  q  is even or
 4 q  ,  12 ,  then  m  5  2 4 q  implies the desired bound immediately . So every point is of
 type (3) of Lemma 3 . 3 and , by applying Lemma 3 . 1 , we can deduce that  B  has at least
 3 q  1  2 4 q  1  3  points .  h
 4 .  S MALL P LANES
 Now consider the situation for small planes . In  PG (2 ,  5) and  PG (2 ,  7) it is not
 possible to make the initial assumption that  m  ,  q  2  3 ,  since the latter bounds obtained
 for  m  are greater in these cases . So it follows that  m  >  q  2  3 and hence  B  has at least
 4 q  points , which is always attainable , as mentioned before . These bounds were first
 proved in [6] and [4] respectively .
 For  q  5  8 the lower bound obtained for the size of a triple blocking set from
 Theorem 3 . 4 is 31 . It was shown in [5] that a 31-point triple blocking set exists and that
 this is the smallest triple blocking set in  PG (2 ,  8) .
 For  q  5  9 either  m  >  2 4 q , and therefore  B  has at least 4 q  5  36 points , or we are in
 Case 3 of Theorem 2 . 1 or , Case 2 of Theorem 2 . 1 with  m  5  4 q . In Case 3 of Theorem
 2 . 1 , the bound obtained is  m  >  5 .  So assume  m  5  5 and that  B  has exactly 35 points .
 This implies that the degree of  s  in Theorem 2 . 1 is equal to 6 and since this is the
 number of non-3-secants through a point of  B ,  there are exactly four 3-secants through
 each point . Hence there exist 35 . 4 / 3 such lines , but this number is not an integer .
 If  m  5  4 q  and we are in Case 2 of Theorem 2 . 1 , then each long line meets at least six
 points of  B .  If five long lines meet in a point or two long lines meet outside of  B , then
 B  has at least 36 points . So a long line with six points meets at most 18 other long lines .
 If a long line had seven points of  B  it would meet at least 21 other long lines , and so
 every long line would have at least seven points . This implies that  B  has more than 36
 points . Each line must therefore meet  B  in at least three and at most six points .
 However , the diophantine equations imply from this that  B  has at least 39 and at most
 42 points . Hence  B  has at least 36 points .
 For  q  5  11 the bound in Theorem 3 . 4 implies that  B  has at least 42 points . In this
 case the degree of  s  in Theorem 2 . 1 is exactly 7 and so the number of 3-secants through
 a point of  B  is exactly five . Let  r  be the total number of 3-secants . By counting the
 number of 3-secants through a point it is shown that  r  5  5 . 42 / 3  5  70 .  Let  t  be the
 length of the longest secant to  B .  If  t  5  12 , then counting the 3-secants intersecting this
 line there are exactly 60 3-secants . If  t  5  11 or 10 , then by considering a point on the
 longest secant not in  B  and counting ,  B  must have at least 44 or 43 points respectively .
 If  t  5  9 , then counting 3-secants again implies that  r  5  (9 . 5)  1  (3 . 11)  5  78 . If  t  5  8 , then
 counting as before gives  r  5  (8 . 5)  1  (4 . 10)  5  80 .  If  t  5  7 , then considering lower bounds
 gives  r  >  (7 . 5)  1  (5 . 9)  5  80 .  If  t  5  6 , again  r  >  (6 . 5)  1  (6 . 8)  5  78 ,  which is too many . If
 t  5  5 ,  then  r  >  (5 . 5)  1  (7 . 7)  5  7 . 4 .  If  t  5  4 , the number of 3-secants can be calculated
 exactly and is  r  5  (4 . 5)  1  (8 . 6)  5  68 , which is not equal to 70 and hence is a
 Triple blocking sets  435
 contradiction . This raises the bound to 43 , but no triple blocking sets are known with
 less than 44 points in them .
 In exactly the same way , it is possible to raise the bound in Theorem 3 . 4 to 50 for
 q  5  13 , but there are no known examples of triple blocking sets with fewer than 52
 points .
 In Theorem 3 . 4 it was not possible to prove  m  >  2 4 q  for  q  5  16 , since in Case 2 of
 Theorem 2 . 1 it is implied that  m 1  >  3 and  e  5  1 and hence that  m  >  6 .  Assume that
 m 1  5  3  and that  m  5  6 and hence that  B  has 57 points . These imply that the degree of  s
 in Theorem 2 . 1 is exactly 7 and so every point of  B  is on exactly ten 3-secants . As in
 the case for  q  5  11 ,  it is possible to show that there are 190 secants of length 3 and by
 considering the length of the longest secant gain a contradiction .
 This raises the bound to 58 . Now if  B  has exactly 58 points , then  m 1  5  3 and  e  5  1 ,
 and since  B  dif fers from the bound these values give by exactly one , there must have
 been exactly one common factor removed from  y   and  w  in Theorem 2 . 1 . This implies
 that each point of  B  lies on secants of length 3  1  np  (some  n ) except exactly one . This
 is the same reasoning as was used in [1] . Each point outside of  B  lies on a secant of
 even length , since there are 17 lines through a point and  B  has an even number of
 points . So the secants of even length form a dual blocking set . There are at most 58 / 4
 of them , and this is nowhere near enough . So a triple blocking set in  PG (2 ,  16) must
 have at least 3 q  1  2 4 q  1  3  5  59 points .
 For  PG (2 ,  17) , Theorem 3 . 4 gives a lower bound of 63 . It is again possible to
 improve this by one , by the same argument as was used for  PG (2 ,  11) .  The bound of 64
 is unlikely to be sharp , however , and no known examples exist with less than 68 points .
 Combining the discussion in this section with Theorem 3 . 4 , the following has been
 proved .
 T HEOREM 4 . 1 .  Let B be a triple blocking set in PG (2 ,  q ) . Then :
 (1)  if q  5  5 ,  7  or  9  then B has at least  4 q points , and if q  5  8  then B has at least  31
 points ;
 (2)  if q  5  11 ,  13  or  17 , then  u B u  >  (7 q  1  9) / 2 ;
 (3)  if  17  ,  q  5  p 2 d 1 1 , then  u B u  >  3 q  1  p d  (  p d 1 1  1  1) / (  p d  1  1)   1  3 ;
 (4)  if  4  ,  q is an e y  en square or q  5  25 ,  49 ,  81  or  121 , then  u B u  >  3 q  1  2 4 q  1  3 ;
 (5)  if  121  ,  q is an odd square , then  u B u  >  3 q  1  3 4 q  1  3 .
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